1. Introduction. B. Fuglede [3] has shown that if a bounded (everywhere defined linear) operator B permutes with a normal operator A, i.e. BA<=AB, then the spectral projections of A permute with B. That is, BE(a) = E(a)B for all Borel sets a, where {E(o)} is the canonical spectral measure of A.
[June Then xn e D(A) for all «, xn -> x as « -> oo, and ||^Xn-^Xm|| = M*Xn-^*Xm|| = ||£(ornM*X-£(ffm)y4*x|| -^ 0 as «, z« -> oo. Hence, since A is closed, x e ö(/4). We recall that two normal operators are said to commute if their spectral projections permute. This definition is consistent with the usual one in case one of the operators is bounded by virtue of Fuglede's theorem.
For further reference we state the following proposition. The proof is easily supplied by the reader.
Proposition 2. Suppose A and B are normal operators in a Hilbert space § and § is the orthogonal direct sum of subspaces 9Jîn, «= 1,..., and every 5Dcn reduces A and B to (normal) operators An and Bn, respectively. If An andBn permute for every n, then A and B permute. From (2) , and the fact that N* is the closure of its restriction to D0(T) follows (3) (ANx, y) = (Ax, N*y) for all y e D(N*).
Hence Ax e D(N) and NAx=ANx. This proves (1).
Since by 1 A* is densely defined, A has a closure A and therefore (4) ANx = Nix for all x e D0(T)
by (1) .
Let now {F(t)} be the canonical spectral measure of A and c be a bounded Borel set in R2. Then Introduction) that
for all Borel sets A. Let now A be a bounded Borel set in (7) and take adjoints of both sides of (7). We obtain for all Borel sets t. This is equivalent with F(t)A<^AF(t) for all Borel sets t. This result will be proved below as a consequence of a more general formulation. Therefore, EnTT2 1x = TxEnx -■> TT2 1x as « -> oo.
Hence, since ra is closed, xe Z)(ri) and Txx=TT21x; i.e., TT2'L<^TX. Therefore A<^TX, where ^4 is the closure of TT2 1. But A is selfadjoint because F and T2 1 are selfadjoint and permute. Hence, as above A = TX. Corollary 3. IfTx is selfadjoint and T2, T closed symmetric operators such that TXT2^T and if T2 has a bounded inverse (and therefore is selfadjoint), then T is selfadjoint and T2 permutes with Tx and T. Moreover T=T2TX.
(This result was obtained in [1] under the additional assumption that F is selfadjoint.)
Proof. From the hypothesis we immediately get T^TT^1.
Since F2_1 has an inverse it follows from Corollary 2 and Theorem 3 that T is selfadjoint, T2X permutes with F and Tx, and TX = TT21 (since TT2l is closed). Hence T2^T c TT2 1 = Tx and consequently F<= T2TX. But T is the closure of T2TX by Corollary 2. Hence T=T2TX.
The following theorem was proved by E. Nelson in [5] by entirely different and more complicated methods. We shall show in the next theorem that there are no symmetric operators with the described properties if we require in addition that the domain of the closure of the operator A + B is contained in the domain of A or B.
More precisely we have the following theorem. Proof. The proof is analogous to the proof of Theorem 4. Let x e DCT) and (x") be a sequence of elements in 9JI such that x" -> x and (A + B)xn -> 7x as « -> oo. We shall show that Axn -*■ Ax as « ->■ oo.
To see this, consider the mapping (x, Tx) -> Ax of the graph 'SCT) of T into $. This linear transformation is closed since A is a closed operator. ¥¡CT) is a closed subspace of |> x § and therefore a Banach space. It follows from the closed graph theorem that the mapping (X, Tx) -> Ax is continuous. Hence there exists a constant a such that ||Zx|| ^ a(||x||2+ irjcl2)1'3 for all x e DCT).
From the last inequality follows that ||/4(xn-xm)|| -> 0 as «, m -> oo. That is, x"->x and Axn=Axn-+y as n-+oo, where y is some element in Iq. Hence x e D(A) and Ax=y, since A is closed. ||^(x"-xm)||2 + 2c||xn-xm¡2.
Therefore \\A(xn-xm)\\ ->0 as «, w-^co. It follows, since Z is closed, that x e F)(Z).
